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Embedding
The paper is concerned with the Dirichlet problem of higher order quasilinear elliptic
equation:⎧⎪⎨
⎪⎩
∑
|α|m
(−1)|α|Dα Aα
(
x, ξm(u)
)= G + f (x,u), x ∈ Ω,
Dβu = 0, x ∈ ∂Ω, ∀|β|m − 1,
where Ω ⊂ RN is a bounded domain, 1 < p−  p+ < Nm . G is a bounded linear functional
on Wm,p(x)0 (Ω), and Aα(x, ξm(u)), f (x,u) satisfy Carathéodory condition and some p(x)-
growth conditions, respectively. We show that there exists at least one non-trivial solution
for the above problem in Wm,p(x)0 (Ω).
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
After Kovác˘ik and Rákosník ﬁrst discussed Lp(x)(Ω) and Wm,p(x)(Ω) spaces in [10], a lot of research has been done
concerning these kinds of variable exponent spaces, for example, see [4–7] for the properties of such spaces and [3,8,9] for
the applications of variable exponent spaces on partial differential equations. Especially in W 1,p(x)(Ω) space, there are a lot
of studies for p(x)-Laplacian problems, see [8,9]. In recent years, the theory on problems with p(x)-growth conditions has
important applications in nonlinear elastic mechanics and electrorheological ﬂuids (see [1,2,11,13,15]).
In this paper, we consider the problem⎧⎪⎨
⎪⎩
∑
|α|m
(−1)|α|Dα Aα
(
x, ξm(u)
)= G + f (x,u), x ∈ Ω,
Dβu = 0, x ∈ ∂Ω, ∀|β|m − 1,
(1.1)
where Ω ⊂ RN is a bounded domain, N  1, p(x) is Lipschitz continuous and 1 < p− = ess infx∈Ω p(x)  p+ =
ess supx∈Ω p(x) < Nm , G is a bounded linear functional on W
m,p(x)
0 (Ω), ξm = {ξα: |α| m} are the elements in the vector
space Rm . We can write ξm as ξm = (ηm−1, ζm), where ηm−1 = {ξα: |α|m−1} and ζm = {ξα: |α| =m}. For u ∈ Wm,p(x)0 (Ω),
ξm(u(x)) = {ξα(u(x)) = Dαu(x): |α|m}.
When p(x) is a constant function, Shapiro (see [14]) studied the problem above. In this paper, by a special technique, we
overcome diﬃculties caused by p(x)-growth conditions.
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(A-1) Each Aα : Ω ×Rm → R satisﬁes the Carathéodory condition.
(A-2) |Aα(x, ξm)| h0(x) + c1|ξm|p(x)−1, where c1 > 0 and 0 h0(x) ∈ Lp′(x)(Ω), 1p(x) + 1p′(x) = 1.
(A-3)
∑
|α|=m[Aα(x, ξm) − Aα(x, ηm−1, ζ ′m)](ξα − ξ ′α) > 0 for a.e. x ∈ Ω , where ζm = ζ ′m .
(A-4)
∑
|α|m Aα(x, ξm)ξα  c2|ζm|p(x) − H(x) for a.e. x ∈ Ω , where c2 > 0 and 0 H(x) ∈ L1(Ω).
We deﬁne
Q (u, v) =
∑
|α|m
∫
Ω
Aα
(
x, ξm(u)
)
Dαv dx (1.2)
on Wm,p(x)0 (Ω) × Wm,p(x)0 (Ω) and
λ1 = lim
‖u‖p(x)→∞
Q (u,u)/
∫
Ω
|u|p(x) dx. (1.3)
Note that we can apply (A-4) to obtain
Q (u,u)∫
Ω
|u|p(x) dx 
c2
∫
Ω
|ζm(u)|p(x) dx∫
Ω
|u|p(x) dx −
∫
Ω
H(x)dx∫
Ω
|u|p(x) dx
and
lim‖u‖p(x)→∞
∫
Ω
H(x)dx∫
Ω
|u|p(x) dx = 0.
It is immediate that λ1  0.
For the function f (x, t), we suppose
(f-1) f (x, t) satisﬁes the Carathéodory condition.
(f-2) | f (x, t)| h1(x) + K |t|q(x)−1 for a.e. x ∈ Ω and t ∈ R, where K > 0 and 0 h1(x) ∈ Lq′(x)(Ω), q : Ω → R is measurable
and satisﬁes p(x) q(x) p∗(x) := Np(x)N−mp(x) .
(f-3) t f (x, t) (λ1 − ε1)|t|p(x) + h2(x)|t| for a.e. x ∈ Ω and t ∈ R, where ε1 > 0 and 0 h2(x) ∈ Lq′(x)(Ω).
If λ1 = ∞, there exist M > 0 and L > 0 such that Q (u,u) L
∫
Ω
|u|p(x) dx as ‖u‖p(x) > M . We replace λ1 by L in (f-3),
then we can obtain the same result.
Our main result is that:
Theorem 1.1. Under assumptions (A-1)–(A-4) and (f-1)–(f-3), there exists u∗ ∈ Wm,p(x)0 (Ω) such that for all v ∈ Wm,p(x)0 (Ω),
Q
(
u∗, v
)= G(v) + ∫
Ω
f
(
x,u∗
)
v dx. (1.4)
This paper is organized as follows: in Section 2 we present some necessary facts; in Section 3, we give the main results.
2. Preliminaries
In this section we ﬁrst recall some facts on variable exponent spaces Lp(x)(Ω) and Wm,p(x)(Ω), where Ω ⊂ RN is a
measurable subset, see [6,7,10] for the details.
Let P(Ω) be the set of all Lebesgue measurable functions p : Ω → (1,∞),
‖u‖p(x) = inf
{
λ > 0:
∫
Ω
∣∣∣∣uλ
∣∣∣∣
p(x)
dx 1
}
. (2.1)
The variable exponent Lebesgue space Lp(x)(Ω) is the class of functions u such that
∫
Ω
|u(x)|p(x) dx < ∞. Lp(x)(Ω) is a
Banach space endowed with the norm (2.1).
For a given p(x) ∈ P(x), we deﬁne the conjugate function p′(x) as:
p′(x) = p(x)
p(x) − 1 .
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Ω
∣∣ f (x) · g(x)∣∣dx 2‖ f ‖p(x)‖g‖p′(x)
holds for every f ∈ Lp(x)(Ω) and g ∈ Lp′(x)(Ω).
Theorem 2.2. The dual space to Lp(x)(Ω) is Lp
′(x)(Ω) if and only if p ∈ L∞(Ω). The space Lp(x)(Ω) is reﬂexive if and only if
1< p−  p+ < ∞. (2.2)
Theorem 2.3. Suppose that p(x) satisﬁes (2.2). LetmeasΩ < ∞ and p1(x), p2(x) ∈ P(Ω), then the necessary and suﬃcient condition
for Lp2(x)(Ω) ⊂ Lp1(x)(Ω) is that for almost all x ∈ Ω we have p1(x) p2(x), and in this case the embedding is continuous.
Deﬁnition 2.1. Let u ∈ Lp(x)(Ω), D ⊂ Ω be a measurable subset, and χD be the characteristic function of D . If
limmeas D→0 ‖u(x)χD(x)‖p(x) = 0, then we say that u is absolutely continuous with respect to norm ‖ · ‖p(x) .
Theorem 2.4. u ∈ Lp(x)(Ω) is absolutely continuous with respect to norm ‖ · ‖p(x) .
Theorem 2.5. Suppose that p(x) satisﬁes (2.2) and u ∈ Lp(x)(Ω), then
1. ‖u‖p(x) < 1 (= 1; > 1) if and only if ρ(u) < 1 (= 1; > 1).
2. If ‖u‖p(x) > 1, then ‖u‖p
−
p(x)  ρ(u) ‖u‖p
+
p(x) .
3. If ‖u‖p(x) < 1, then ‖u‖p
+
p(x)  ρ(u) ‖u‖p
−
p(x) .
Next we assume that Ω ⊂ RN is a nonempty open set and k is a given natural number.
Given a multi-index α = (α1, . . . ,αn) ∈ Nn , we set |α| = α1 + · · · + αn and Dα = Dα11 . . . Dαnn , where Di = ∂/∂xi is the
generalized derivative operator.
The generalized Sobolev space Wk,p(x)(Ω) is the class of functions f on Ω such that Dα f ∈ Lp(x)(Ω) for every multi-
index α with |α| k. Wk,p(x)(Ω) is endowed with the norm
‖ f ‖k,p(x) =
∑
|α|k
∥∥Dα f ∥∥p(x). (2.3)
By Wk,p(x)0 (Ω) we denote the subspace of W
k,p(x)(Ω) which is the closure of C∞0 (Ω) with respect to the norm (2.3).
Theorem 2.6. The spaces Wk,p(x)(Ω) and Wk,p(x)0 (Ω) are separable reﬂexive Banach spaces, if p(x) satisﬁes (2.2).
We denote the dual space of Wk,p(x)0 (Ω) by W
−k,p′(x)(Ω), then we have
Theorem 2.7. For every G ∈ W−k,p′(x)(Ω) there exists a unique system of functions {gα ∈ Lp′(x)(Ω): |α| k} such that
G( f ) =
∑
|α|k
∫
Ω
Dα f (x)gα(x)dx, ∀ f ∈ Wk,p(x)0 (Ω).
The norm of W−k,p′(x)(Ω) is deﬁned as
‖G‖−k,p′ = sup
{ |G( f )|
‖ f ‖k,p(x) : f ∈ W
k,p(x)
0 (Ω)\{0}
}
.
Theorem2.8. LetΩ be a domain inRn with cone property. If p : Ω → R is Lipschitz continuous and 1< p−  p+ < Nk , q(x) : Ω → R
is measurable and satisﬁes p(x)  q(x)  p∗(x) := Np(x)N−kp(x) for a.e. x ∈ Ω , then there is a continuous embedding Wk,p(x)(Ω) ↪→
Lq(x)(Ω).
Theorem 2.9. Let Ω be a bounded domain. If p(x) ∈ L∞(Ω) and u ∈ W 1,p(x)0 (Ω), then
‖u‖p(x)  C‖∇u‖p(x),
where C is a constant dependent on Ω .
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In this section we will give the proof of Theorem 1.1. First we give some lemmas.
Lemma 3.1. Let Ω be a bounded open set, then
(a) ∃{φn}∞n=1 which is a complete orthonormal system in L2(Ω) with φn ∈ Wm,20 (Ω) ∩ Wm,p(x)0 (Ω), ∀n;
(b) Let S J be the subspace in W
m,p(x)
0 (Ω) spanned by {φ1, φ2, . . . , φ J }. Then given v ∈ Wm,p(x)0 (Ω), ∃{v J }∞J=1 with v J ∈ S J such
that lim J→∞‖v − v J‖m,p(x) = 0.
Proof. When p(x) ≡ p > 1 is a constant function, Lemma 3.1 ﬁrst is proved in the case 2  p < ∞, then the fact that
Wm,20 (Ω) is dense in W
m,p
0 (Ω) is used to show that Lemma 3.1 holds for 1 < p < 2. So ∃{φn}∞n=1 ⊂ Wm,20 (Ω)
⋂
Wm,p0 (Ω)
such that (a) and (b) hold for 1 < p(x) ≡ p < ∞ (see [14, Appendix]). By Theorem 2.3, we have the embedding
Wm,p
+
(Ω) ↪→ Wm,p(x)(Ω), so ∃{φn}∞n=1 such that {φn}∞n=1 ⊂ Wm,20 (Ω)
⋂
Wm,p
+
0 (Ω) ⊂ Wm,20 (Ω)
⋂
Wm,p(x)0 (Ω) and {φn}∞n=1
is a complete orthonormal system in L2(Ω). Then ∀v ∈ Wm,p(x)0 (Ω), ∃{ f J } ⊂ C∞0 (Ω) such that ∀ε > 0, ∃N , ‖v− f J‖m,p(x) < ε
whenever J > N . Since f J ∈ Wm,p
+
0 (Ω), ∃M J > 0 such that ‖
∑M J
j=1 c J jφ j − f J‖m,p+ < ε. By the embedding Wm,p
+
(Ω) ↪→
Wm,p(x)(Ω), we have ‖u‖m,p(x)  C‖u‖m,p+ . Furthermore when J is suﬃciently large, we have∥∥∥∥∥v −
M J∑
j=1
c J jφ j
∥∥∥∥∥
m,p(x)
 ‖v − f J‖m,p(x) +
∥∥∥∥∥ f J −
M J∑
j=1
c J jφ j
∥∥∥∥∥
m,p(x)
 ε + C
∥∥∥∥∥ f J −
M J∑
j=1
c J jφ j
∥∥∥∥∥
m,p+
 ε + Cε.
Take v J =∑M Jj=1 c J jφ j , then ‖v − v J‖ < ε when J is suﬃciently large. 
Lemma 3.2. Let J  1 be a given positive integer. Assume the hypotheses of Theorem 1.1. Then there exists u J ∈ S J such that for all
v ∈ S J ,
Q (u J , v) = G(v) +
∫
Ω
f (x,u J )v dx,
where S J is the subspace in Lemma 3.1(b).
Proof. Since G ∈ W−m,p′(x)(Ω), ∃C > 0 such that for every v ∈ Wm,p(x)0 (Ω),∣∣G(v)∣∣ C‖v‖m,p(x). (3.1)
By Theorem 2.8 and (f-2), ∃C > 0 such that for every v ∈ Wm,p(x)0 (Ω),
‖v‖q(x)  C‖v‖m,p(x). (3.2)
Since the dimension of S J is ﬁnite, ∃C > 0 such that for every α ∈ R J ,
C
∥∥∥∥∥
J∑
j=1
α jφ j
∥∥∥∥∥
p(x)

∥∥∥∥∥
J∑
j=1
α jφ j
∥∥∥∥∥
m,p(x)
. (3.3)
Let β = (β1, β2, . . . , β J ) ∈ R J ,
Fk(β) = Q
( J∑
j=1
β jφ j, φk
)
− G(φk) −
∫
Ω
f
(
x,
J∑
j=1
β jφ j
)
φk dx,
k = 1, . . . , J and F (β) = (F1(β), . . . , F J (β)). Since the dimension of S J is ﬁnite and ‖∑ Jj=1 β jφ j‖L2 → ∞ as |β| → ∞,
‖∑ Jj=1 β jφ j‖p(x) → ∞ as |β| → ∞. By (1.3), ∃γ0 > 0 such that whenever |β| γ0,
Q
( J∑
j=1
β jφ j,
J∑
j=1
β jφ j
)

(
λ1 − ε1
2
)∫ ∣∣∣∣∣
J∑
j=1
β jφ j
∣∣∣∣∣
p(x)
dx.Ω
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F (β)β 
(
λ1 − ε1
2
)∫
Ω
∣∣∣∣∣
J∑
j=1
β jφ j
∣∣∣∣∣
p(x)
dx− G
( J∑
j=1
β jφ j
)
−
∫
Ω
f
(
x,
J∑
j=1
β jφ j
)( J∑
k=1
βkφk
)
dx.
From the results above, (f-3), (3.1)–(3.3), we obtain
F (β)β  ε1
2
∫
Ω
∣∣∣∣∣
J∑
j=1
β jφ j
∣∣∣∣∣
p(x)
dx− C
∥∥∥∥∥
J∑
j=1
β jφ j
∥∥∥∥∥
m,p(x)
−
∫
Ω
h2(x)
∣∣∣∣∣
J∑
j=1
β jφ j
∣∣∣∣∣dx
 ε1
2
∥∥∥∥∥
J∑
j=1
β jφ j
∥∥∥∥∥
p−
p(x)
− C
(∥∥∥∥∥
J∑
j=1
β jφ j
∥∥∥∥∥
m,p(x)
− ∥∥h2(x)∥∥q′(x) ·
∥∥∥∥∥
J∑
j=1
β jφ j
∥∥∥∥∥
m,p(x)
)
 ε1
2
∥∥∥∥∥
J∑
j=1
β jφ j
∥∥∥∥∥
p−
p(x)
− C
∥∥∥∥∥
J∑
j=1
β jφ j
∥∥∥∥∥
p(x)
,
so ∃γ1 such that F (β)β > 0 for |β| γ1 > γ0.
It follows from (A-1), (A-2), (1.2), (f-2) and the deﬁnition of Fk(β) that Fk(β) ∈ C(R J ) for k = 1, . . . , J . Hence,
by [12], it is immediate that ∃l = (l1, . . . , l J ) with |l| < γ1 such that Fk(l) = 0 for k = 1, . . . , J . Setting u J = ∑ Jj=1 l jφ j ,
we obtain Q (u J , φk) = G(φk) +
∫
Ω
f (x,u J )φk dx for k = 1, . . . , J . Furthermore for any v = ∑ Jk=1 βkφk ∈ S J , Q (u J , v) =
G(v) + ∫
Ω
f (x,u J )v dx. 
Lemma 3.3. Under the assumptions of Lemma 3.2, there is a sequence {u J }∞J=1 with u J ∈ S J such that the conclusion of Lemma 3.2
holds, then ∃C > 0 such that for any J , ‖u J‖p(x)  C.
Proof. By Lemma 3.2, it is easy to get a sequence {u J }∞J=1 with u J ∈ S J such that the conclusion of Lemma 3.2 holds.
Suppose that C does not exist and lim J→∞‖u J‖p(x) = ∞. By (1.3), (3.1), (3.2) and (f-3), we get(
λ1 − ε1
2
)∫
Ω
|u J |p(x) dx Q (u J ,u J ) C‖u J‖m,p(x) + (λ1 − ε1)
∫
Ω
|u J |p(x) dx+
∫
Ω
h2(x)|u J |dx
 C‖u J‖m,p(x) + (λ1 − ε1)
∫
Ω
|u J |p(x) dx+ 2
∥∥h2(x)∥∥q′(x) · ‖u J‖m,p(x)
for J  J0 > 0. So ∃C > 0 such that for any J ,
∫
Ω
|u J |p(x) dx C‖u J‖m,p(x) . By (A-4)
C
∫
Ω
∣∣ζm(u J )∣∣p(x) dx
∫
Ω
H(x)dx+ G(u J ) +
∫
Ω
f (x,u J )u J dx,
and by (3.2)∫
Ω
f (x,u J )u J dx |λ1 − ε1|
∫
Ω
|u J |p(x) dx+
∫
Ω
h(x)|u J |dx C
(|λ1 − ε1|‖u J‖m,p(x) + ∥∥h(x)∥∥q′(x)‖u J‖m,p(x)),
so by (3.1) it is immediate that
C
∫
Ω
∣∣ζm(u J )∣∣p(x) dx
∫
Ω
H(x)dx+ ‖u J‖m,p(x).
By Theorems 2.5 and 2.9 we get ‖u J‖p
−
m,p(x)  C
∑
|α|m ‖Dαu J‖p
−
p(x) and
∑
|α|=m−1 ‖Dαu J‖p
−
p(x)  C‖ζm(u J )‖p
−
p(x) . Then we
have ∫
Ω
∣∣ζm(u J )∣∣p(x) dx ∥∥ζm(u J )∥∥p−p(x)  C‖u J‖p−m,p(x),
because ‖ζm(u J )‖p(x) > 1 when J is suﬃciently large. Furthermore
C‖u J‖p
−
m,p(x) 
∫
Ω
H(x)dx+ ‖u J‖m,p(x).
Since p− > 1, we obtain that {‖u J‖m,p(x)}∞ is bounded, so {‖u J‖p(x)}∞ is also bounded. We obtain a contradiction. J=1 J=1
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that
lim
J→∞
∑
|α|=m
[
Aα
(
x, ξm(u J )
)− Aα(x, ηm−1(u J ), ζm(u∗))][Dαu J − Dαu∗]= 0
for a.e. x ∈ Ω .
Proof. Step 1. By Lemma 3.3 and Theorem 2.5, ∃C > 0 such that ∫
Ω
|u J |p(x) dx< C , then by (3.2) we get∫
Ω
f (x,u J )u J dx |λ1 − ε1|
∫
Ω
|u J |p(x) dx+
∫
Ω
h2(x)|u J |dx C
(|λ1 − ε1| + ∥∥h2(x)∥∥q′(x) · ‖u J‖m,p(x)).
Then similar to the proof of Lemma 3.3
C‖u J‖p
−
m,p(x)  C
(
‖u J‖m,p(x) +
∫
Ω
H(x)dx+ |λ1 − ε2| +
∥∥h2(x)∥∥q′(x) · ‖u J‖m,p(x)
)
.
We obtain that {‖u J‖m,p(x)}∞J=1 is bounded, i.e. ∃K6 > 0 such that for any J ,
‖u J‖m,p(x)  K6. (3.4)
As Wm,p(x)0 (Ω) is a separable reﬂexive Banach space, there exist a subsequence (still denote it by {u J }∞J=1) and u∗ ∈
Wm,p(x)0 (Ω) such that
lim
J→∞
∥∥Dαu J − Dαu∗∥∥p(x) = 0 for |α|m − 1, (3.5)
and
lim
J→∞
∫
Ω
Dαu J w dx =
∫
Ω
Dαu∗w dx, ∀w ∈ Lp′(x)(Ω), for |α| =m, (3.6)
and
lim
J→∞G(u J ) = G
(
u∗
)
, (3.7)
and
lim
J→∞ηm−1
(
u J (x)
)= ηm−1(u∗(x)) for a.e. x ∈ Ω. (3.8)
We deﬁne
Vα = Aα
(
x, ηm−1(u J ), ζm
(
u∗
))− Aα(x, ξm(u∗)).
Note that for |α| =m,∫
Ω
Aα
(
x, ηm−1(u J ), ζm
(
u∗
))[
Dαu J (x) − Dαu∗(x)
]
dx
=
∫
Ω
{
Vα
[
Dαu J (x) − Dαu∗(x)
]+ Aα(x, ξm(u∗))[Dαu J − Dαu∗]}dx.
We will prove
lim
J→∞
∫ ∑
|α|=m
Aα
(
x, ηm−1(u J ), ζm
(
u∗
))[
Dαu J − Dαu∗
]
dx = 0. (3.9)Ω
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Ω
∣∣Aα(x, ξm(u∗))∣∣p′(x) dx
∫
Ω
∣∣h0(x) + c1∣∣ξm(u∗)∣∣p(x)−1∣∣p′(x) dx
 C
(∫
Ω
∣∣h0(x)∣∣p′(x) dx+
∫
Ω
∣∣ξm(u∗)∣∣p(x) dx
)
< ∞,
then we have
Aα
(
x, ξm
(
u∗
)) ∈ Lp′(x) for |α| =m.
By (3.6)
lim
J→∞
∫
Ω
Aα
(
x, ξm
(
u∗
))[
Dαu J − Dαu∗
]
dx = 0 for |α| =m.
Furthermore by Theorem 2.4, ∀ε > 0, ∃δ > 0 such that whenever meas E < δ we have ∫E |Aα(x, ξm(u∗))|p′(x) dx < ε,∫
E |h0(x)|p
′(x) dx< ε and
∫
E |Dαu∗|p(x) dx< ε. From (3.5) and Theorem 2.5
lim
J→∞
∫
Ω
∣∣Dαu J − Dαu∗∣∣p(x) dx = 0
for |α|m − 1 and further ∃ J0 such that whenever J  J0,
∫
Ω
|Dαu J − Dαu∗|p(x) dx< ε and∫
E
∣∣Dαu J ∣∣p(x) dx 2p+
(∫
E
∣∣Dαu J − Dαu∗∣∣p(x) dx+
∫
E
∣∣Dαu∗∣∣p(x) dx) (2p+ + 1)ε.
By (A-2) we have∫
E
|Vα |p′(x) dx C
∫
E
(∣∣Aα(x, ηm−1(u J ), ζm(u∗))∣∣p′(x) + ∣∣Aα(x, ξm(u∗))∣∣p′(x))dx
 C
(∫
E
∣∣h0(x)∣∣p′(x) dx+
∫
E
∣∣(ηm−1(u J ), ζm(u∗))∣∣p(x) dx
)
+ ε
 C
(
ε +
∫
E
∣∣ηm−1(u J )∣∣p(x) dx+
∫
E
∣∣ζm(u∗)∣∣p(x) dx
)
 Cε.
With (3.8) and (A-1), it is immediate that lim J→∞ |Vα |p′(x) = 0 for |α| = m. Consequently from Vitali’s Theorem
lim J→∞
∫
Ω
|Vα |p′(x) dx = 0 for |α| =m. By Theorem 2.1∫
Ω
Vα
[
Dαu J (x) − Dαu∗(x)
]
dx 2‖Vα‖p′(x)
∥∥Dαu J − Dαu∗∥∥p(x).
Then lim J→∞
∫
Ω
Vα[Dαu J − Dαu∗]dx = 0 for |α| =m. So we obtain (3.9).
Step 2. We will prove
lim
J→∞
∫
Ω
∑
|α|=m
Aα
(
x, ξm(u J )
)[
Dαu J − Dαu∗
]
dx 0.
By Lemma 3.1(b) and u∗ ∈ Wm,p(x)0 (Ω), ∃{u∗J }∞J=1 with u∗J ∈ S J such that
lim
J→∞
∥∥u∗J − u∗∥∥m,p(x) = 0. (3.10)
We observe that
Q
(
u J ,u J − u∗J
)= G(u J − u∗J )+
∫
f (x,u J )
(
u J − u∗J
)
dx.Ω
686 Y. Fu, M. Yu / J. Math. Anal. Appl. 363 (2010) 679–689By (3.1), (3.7) and (3.10), it is immediate that∣∣G(u J ) − G(u∗J )∣∣ ∣∣G(u∗ − u∗J )∣∣+ ∣∣G(u J ) − G(u∗)∣∣ C∥∥u∗ − u∗J∥∥m,p(x) + ∣∣G(u J ) − G(u∗)∣∣.
So lim J→∞ |G(u J ) − G(u∗J )| = 0. It follows from (3.2) and (3.4) that ∃C > 0 such that ‖u J‖q(x)  C for J = 1,2, . . . . By
(f-2), ∃C > 0 such that for any J , ∫
Ω
| f (x,u J )|q′(x) dx  C . Therefore by Theorem 2.4, ∀ε > 0, ∃δ > 0 such that whenever
meas E < δ,∫
E
∣∣ f (x,u J )u∗∣∣ 2∥∥ f (x,u J )∥∥q′(x)∥∥u∗∥∥q(x),E dx Cε.
We obtain∫
E
∣∣ f (x,u J )u∗∣∣dx ε for J = 1,2, . . . . (3.11)
From (3.5) we have lim J→∞
∫
Ω
|u J − u∗|p(x) dx = 0. Then ∃ J0 such that whenever J  J0,
∫
Ω
|u J − u∗|p(x) dx < ε. By Theo-
rem 2.4,
∫
E |u∗|p(x) dx< ε and further we have∫
E
|u J |p(x) dx< C
(∫
E
∣∣u J − u∗∣∣p(x) dx+
∫
E
∣∣u∗∣∣p(x) dx)< Cε
for J  J0. With
∫
E |h2(x)|q
′(x) dx< ε and (f-3), we have∫
E
f (x,u J )u J dx (λ1 + ε1)
∫
E
|u J |p(x) dx+
∫
E
∣∣h2(x)∣∣ · |u J |dx Cε (3.12)
for J = 1,2, . . . . By (3.2) and (3.10), lim J→∞ ‖u∗J − u∗‖q(x) = 0. By Theorem 2.1, we have lim J→∞
∫
Ω
f (x,u J )(u∗J − u∗)dx =
0. By (f-1) and (3.8), we have lim J→∞ f (x,u J ) = f (x,u∗) a.e. on Ω , then lim J→∞ f (x,u J )(u J − u∗) = 0 a.e. on Ω. Using
Egoroff’s theorem we see that ∃E with meas E < δ such that lim J→∞ f (x,u J )(u J − u∗) = 0 uniformly in Ω\E . Consequently
∃ J0 such that for any J  J0, | f (x,u J )(u J − u∗)| < ε/measΩ for x ∈ Ω\E , and with (3.11), (3.12), we have for J  J0,∫
Ω
f (x,u J )
(
u J − u∗
)
dx
∫
E
∣∣ f (x,u J )u J ∣∣dx+
∫
E
∣∣ f (x,u J )u∗∣∣dx+
∫
Ω\E
∣∣ f (x,u J )(u J − u∗)∣∣dx 3ε.
Since ε is an arbitrary positive number, we get
lim
J→∞
∫
Ω
f (x,u J )
(
u J − u∗
)
dx 0.
Furthermore we get lim J→∞
∫
Ω
f (x,u J )(u J − u∗J )dx  0. From the results above, it is immediate that lim J→∞Q (u J ,
u J − u∗J ) 0 or
lim
J→∞
∫
Ω
∑
|α|m
Aα
(
x, ξm(u J )
)[
Dαu J − Dαu∗J
]
dx 0.
By (A-2) and (3.4), ∃C > 0 such that∫
Ω
∣∣Aα(x, ξm(u J ))∣∣p′(x) dx C for |α|m, J = 1,2, . . . . (3.13)
From (3.10), we get lim J→∞
∫
Ω
Aα(x, ξm(u J ))[Dαu∗J − Dαu∗]dx = 0 for |α| m. Hence lim J→∞
∫
Ω
∑
|α|m Aα(x, ξm(u J )) ·
[Dαu J − Dαu∗]dx 0. Note that∫
Ω
Aα
(
x, ξm(u J )
)[
Dαu J − Dαu∗
]
dx 2
∥∥Aα(x, ξm(u J ))∥∥p′(x)∥∥Dαu J − Dαu∗∥∥p(x)
for |α|m − 1 and by (3.5) we get lim J→∞
∫
Ω
∑
|α|m−1 Aα(x, ξm(u J ))[Dαu J − Dαu∗]dx = 0. So
lim
J→∞
∫ ∑
|α|=m
Aα
(
x, ξm(u J )
)[
Dαu J − Dαu∗
]
dx 0. (3.14)Ω
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Uα(x) = Aα
(
x, ξm(u J )
)− Aα(x, ηm−1(u J ), ζm(u∗)).
We observe that from (3.9) and (3.14)
lim
J→∞
∫
Ω
∑
|α|=m
Uα(x) ·
[
Dαu J − Dαu∗
]
dx 0.
By (A-3), we get lim J→∞
∫
Ω
∑
|α|=m Uα(x) · [Dαu J − Dαu∗]dx = 0. So the sequence {
∑
|α|=m Uα(x) · [Dαu J − Dαu∗]}∞J=1
converges in L1-norm to zero, and further there exists a subsequence (still denote it by {u J }∞J=1) satisfying
lim J→∞
∑
|α|=m Uα(x) · [Dαu J − Dαu∗] = 0 for a.e. x ∈ Ω . 
Lemma 3.5. Assume that the sequence {u J }∞J=1 satisﬁes Lemma 3.4, then {|ζm(u J )|}∞J=1 is pointwise bounded for a.e. x ∈ Ω , i.e.
∃ constant Kx such that |ζm(u J )| Kx for J = 1, . . . and a.e. x ∈ Ω .
Proof. Let Ω1 ⊂ Ω with measΩ1 = measΩ be the set such that (3.8) and Lemma 3.4 hold, where ξm(u J (x)), ξm(u∗(x)),
Aα(x, ηm−1(u J (x)), ζm(u∗(x))), h0(x) and H(x) are ﬁnite-valued for x ∈ Ω1, |α|m and J = 1,2, . . . . It is suﬃcient to show
that {∣∣ζm(u J )∣∣}∞J=1 is pointwise bounded for x ∈ Ω1. (3.15)
Suppose to the contrary that there exist a point x0 ∈ Ω1 and a subsequence (still denote it by {|ζm(u J )|}∞J=1) such that
lim J→∞ |ζm(u J (x0))| = ∞. Let 0< ε < 1 and p(x0) − ε > 1. It follows from (A-2) that
Aα(x0, ξm(u J ))Dαu J
|ζm(u J )|p(x0)−ε 
h0(x0)Dαu J + c1|ξm(u J )|p(x0)−1Dαu J
|ζm(u J )|p(x0)−ε
for |α|m − 1. Since p(x0) − ε − (p(x0) − 1) > 0, by (3.8) we have
lim
J→∞
∑
|α|m−1 Aα(x0, ξm(u J ))Dαu J
|ζm(u J )|p(x0)−ε = 0.
For ﬁxed J we have
Aα
(
x, ξm(u J )
)
Dαu J = Aα
(
x, ξm(u J )
)
Dαu∗ + Aα
(
x, ηm−1(u J ), ζm
(
u∗
))[
Dαu J − Dαu∗
]+ Uα(x)[Dαu J − Dαu∗].
By (A-2)
Aα(x0, ξm(u J ))Dαu∗
|ζm(u J )|p(x0)−ε 
h0(x0)Dαu∗ + c1|ξm(u J )|p(x0)−1Dαu∗
|ζm(u J )|p(x0)−ε ,
and further
lim
J→∞
Aα(x0, ξm(u J ))Dαu∗
|ζm(u J )|p(x0)−ε = 0
for |α| =m. It follows from (3.8) that
lim
J→∞
Aα(x0, ηm−1(u J ), ζm(u∗))(Dαu J − Dαu∗)
|ζm(u J )|p(x0)−ε = 0
for |α| =m. Furthermore by Lemma 3.4
lim
J→∞
∑
|α|=m Uα(x0) · [Dαu J − Dαu∗]
|ζm(u J )|p(x0)−ε = 0.
So we have
lim
J→∞
∑
|α|=m Aα(x0, ξm(u J ))Dαu J
|ζm(u J )|p(x0)−ε = 0.
By (A-4)
c2|ζm(u J )|p(x0)
|ζm(u J )|p(x0)−ε 
∑
|α|m Aα(x0, ξm(u J ))Dαu J + H(x0)
|ζm(u J )|p(x0)−ε ,
and moreover lim J→∞ |ζm(u J (x0))|ε = 0. We get a contradiction, so (3.15) holds, furthermore Lemma 3.5 holds. 
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meas(Ω\Ω2) = 0 and moreover Lemmas 3.4 and 3.5 hold for x ∈ Ω2. We will show that there exists a subsequence (still
denote it by {u J }∞J=1) such that
lim
J→∞ ζm
(
u J (x)
)= ζm(u∗(x)) for a.e. x ∈ Ω. (3.16)
Suppose that there exists x0 ∈ Ω2 such that (3.16) does not hold, then there exist a subsequence (still denote it by
{|ζm(u J )|}∞J=1) and ζ ∗m(u∗(x0)) with ζ ∗m(u∗(x0)) = ζm(u∗(x0)) such that lim J→∞ ζm(u J (x0)) = ζ ∗m(u∗(x0)).
We deﬁne
Wα = Aα
(
x0, ηm−1
(
u∗
)
, ζ ∗m
(
u∗
))− Aα(x0, ξm(u∗)).
From (3.8) we have
lim
J→∞
∑
|α|=m
Uα(x0) ·
[
ζm(u J ) − ζm
(
u∗
)]= ∑
|α|=m
Wα
[
ζ ∗m
(
u∗
)− ζm(u∗)].
By (A-3), it is immediate that
∑
|α|=m Wα[ζ ∗m(u∗) − ζm(u∗)] > 0. But by Lemma 3.4, we get that lim J→∞
∑
|α|=m Uα(x0) ·[ζm(u J ) − ζm(u∗)] = 0. We have a contradiction. Hence we obtain (3.16).
Let the sequence {u J }∞J=1 satisﬁes (3.16) and all the lemmas above. Let v ∈
⋃∞
J=1 S J . Note that∫
E
|v||u J |q(x)−1 dx 2
∥∥|u J |q(x)−1∥∥q′(x),E‖v‖q(x),E ,
where E is a measurable subset of Ω . From (3.2), (3.4) and Theorem 2.8 we have {‖|u J |q(x)−1‖q′(x)}∞J=1 is bounded. Using
(f-2) and Theorem 2.4 we furthermore obtain that { f (x,u J )v}∞J=1 is absolutely equi-integrable. From (f-1) and (3.8) we have
lim J→∞ f (x,u J )v = f (x,u∗)v for a.e. x ∈ Ω . By Vitali’s Theorem we obtain
lim
J→∞
∫
Ω
f (x,u J )v dx =
∫
Ω
f
(
x,u∗
)
v dx.
Since ∫
E
∣∣Aα(x, ξm(u J ))∣∣∣∣Dαv∣∣dx 2∥∥Aα(x, ξm(u J ))∥∥p′(x)∥∥Dαv∥∥p(x),E
for |α|  m, where E is a measurable subset of Ω , from (3.13) and Theorem 2.4 we see that {Aα(x, ξm(u J ))Dα v}∞J=1 is
absolutely equi-integrable for |α|m. It follows from (A-1), (3.8) and (3.16) that
lim
J→∞ Aα
(
x, ξm(u J )
)
Dαv = Aα
(
x, ξm
(
u∗
))
Dαv
for a.e. x ∈ Ω and |α|m. Hence from Vitali’s Theorem we have
lim
J→∞
∫
Ω
Aα
(
x, ξm(u J )
)
Dαv dx =
∫
Ω
Aα
(
x, ξm
(
u∗
))
Dαv dx
for |α|m and lim J→∞ Q (u J , v) = Q (u∗, v). By Lemma 3.2 we see that for any v ∈⋃∞J=1 S J , ∃ J  1 such that v ∈ S J and
Q (u J , v) = G(v) +
∫
Ω
f (x,u J )v dx,
so
Q
(
u∗, v
)= G(v) + ∫
Ω
f
(
x,u∗
)
v dx for any v ∈
∞⋃
J=1
S J .
It follows from Lemma 3.1(b) that ∀v ∈ Wm,p(x)0 (Ω), ∃{v J }∞J=1 with v J ∈ S J such that lim J→∞ ‖v J − v‖m,p(x) = 0. Hence
by (A-2) and Theorem 2.1 we have∫
Ω
∣∣Aα(x, ξm(u∗))∣∣∣∣Dαv J − Dαv∣∣dx C(∥∥h0(x)∥∥p′(x) + ∥∥|ξm|p(x)−1∥∥p′(x))∥∥Dαv J − Dαv∥∥p(x).
So lim J→∞
∫
Ω
|Aα(x, ξm(u∗))||Dαv J − Dαv|dx = 0. Then we have lim J→∞ Q (u∗, v J ) = Q (u∗, v). By (f-2), (3.2) and Theo-
rem 2.1, lim J→∞
∫
Ω
f (x,u∗)v J dx =
∫
Ω
f (x,u∗)v dx. By (3.1) |G(v J − v)|  C‖v J − v‖m,p(x) , so lim J→∞ G(v J ) = G(v). It is
immediate that (1.4) holds. The proof of Theorem 1.1 is completed. 
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